In this paper, the Exp-function method is used to seek new generalized solitonary solutions of the Riccati equation. Based on the Riccati equation and one of its generalized solitonary solutions, new exact solutions with three arbitrary functions of the (2+1)-dimensional dispersive long wave equations are obtained. Compared with the tanh-function method and its extensions, the proposed method is more powerful. It is shown that the Exp-function method provides a straightforward and important mathematical tool for solving nonlinear evolution equations in mathematical physics.
Introduction
It is well known that nonlinear evolution equations (NLEEs) are often presented to describe the motion of isolated waves, localized in a small part of space, in many fields such as hydrodynamics, plasma physics, nonlinear optics. The investigation of exact solutions of NLEEs plays an important role in the study of these nonlinear physical phenomena. With the development of the soliton theory, many significant methods for obtaining exact solutions of NLEEs have been presented such as the inverse scattering method [1] , Hirota's bilinear method [2] , Bäcklund transformation [3] , Painlevé expansion [4] , sine-cosine method [5] , homogenous balance method [6] , homotopy perturbation method [7 -9] , variational method [10 -13] , asymptotic methods [14, 15] , Adomian decomposition method [16] , mapping approach [17] , algebraic method [18 -21] , Jacobi elliptic function expansion method [22 -24] , F-expansion method [25 -30] , auxiliary equation method [31 -35] . One of the most effective methods to construct solitary wave solutions of NLEEs is the tanh-function method [36, 37] . The method was later extended by Ma [38] , Gao and Tian [39] , and Fan [40] . Elwakil et al. [41] extended Fan's method [40] , and Lü and Zhang [42] further extended Elwakil et al.'s work [41] . By generalizing the Riccati equation and introducing its special solutions, the method [42] was further improved in [43 -46] . 0932 -0784 / 08 / 1000-0663 $ 06.00 c 2008 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com Generally speaking, exact solutions of NLEEs obtained by most of these methods are written as a polynomial in several elementary or special functions which satisfy a first-order ordinary differential equation called sub-equation, for example, sine-Gordon equation, elliptic equation, Riccati equation and others. It is obvious that the more solutions of these subequations we find, the more exact solutions of the considered NLEEs we may obtain.
Recently, He and Wu [47] proposed the Expfunction method to obtain exact solutions of NLEEs. The basic idea of the Exp-function method can be found in He's monograph [48] . The solution procedure of the Exp-function method, by the help of Matlab or Mathematica, is of utter simplicity and it has been successfully applied to many kinds of NLEEs [47 -63] . The main disadvantage of the Adomian decomposition method is the difficulty in calculating the socalled Adomian polynomial [50] . The Exp-function method leads to both generalized solitonary solutions and periodic solutions. Taking advantage of the generalized solitonary solutions with free parameters, some known solutions gained by the most existing methods such as Adomian decomposition method, tanhfunction method, algebraic method, Jacobi elliptic function expansion method, F-expansion method, and auxiliary equation method can be recovered as special cases [55] . The classical Jacobi elliptic function expansion method, tanh-function method and F-expansion method can't be used to solve the NLEEs in which the odd-and even-order derivative terms coexist [60] . However, Ebaid [60] took the Burgers equation as an example to illustrate that the Exp-function method is valid for such NLEEs. Furthermore, the Exp-function method for discrete NLEEs [63] is more powerful than the hyperbolic function method [64] .
The present paper is motivated by the desire to use the Exp-function method to seek new generalized solitonary solutions of the Riccati equation [42] 
and to employ the Riccati equation (1) and its generalized solitonary solutions, and the method [42] to find new and more general exact solutions of the (2+1)-dimensional dispersive long wave (DLW) equations
Equations (2) and (3) were firstly obtained by Boiti et al. [65] as a compatibility condition for a "weak" Lax pair. Paquin and Winternitz [66] showed that the symmetry algebra of (2) and (3) is infinite-dimensional. The more general symmetry algebra, W ∞ symmetry algebra, was given in [67] . Lou [68] gave nine types of two-dimensional similarity reductions and thirteen types of ordinary differential equation reductions. He [13] established a variational model of (2) and (3) by using the semi-inverse method.
The Exp-Function Method for the Riccati Equation
Introducing a complex variable η defined as
where k is a constant to be determined later and ω is an arbitrary constant, (1) becomes
where the prime denotes the derivative with respect to η. According to the Exp-function method [47] , we assume that the solution of (5) can be expressed as
where c, d, f and g are positive integers, which are unknown, to be further determined, and a c , .
In order to determine values of c and f , we balance the linear term of highest-order in (5) with the highestorder nonlinear term [47] . By simple calculation, we have
and
where c i are determined coefficients only for simplicity.
Balancing the highest-order of the Exp-function in (7) and (8), we have
which leads to the result f = c.
Similarly to determine values of d and g, we balance the linear term of lowest-order in (5):
where d i are determined coefficients only for simplicity.
Balancing the lowest-order of the Exp-function in (10) and (11), we have
which leads to the result g = d.
We can freely choose the values of c and d, but the final solution does not strongly depend upon the choice of the values of c and d [47, 49] . For simplicity, we set f = c = 1 and d = g = 1; then (6) becomes
Substituting (13) into (5), we have
where
Equating the coefficients of exp( jη) ( j = 2, 1, 0, −1, −2) to zero, we have
Solving this system of algebraic equations with the aid of Mathematica, we obtain
Substituting (15) and (16) into (13), we obtain the following generalized solitonary solution of (1):
which has not been given in [42] yet. When
. Then (19) reduces to the first hyperbolic function solution, given by Lü and Zhang in [42] ,
which shows that solutions (19) and (20) 
). Then (19) reduces to the second hyperbolic function solution, given by Lü and Zhang in [42] ,
which shows that solutions (19) and (21) have also the same waveform and are different in phase. When
is an appropriate complex number and δ < 0, however, some new solutions can be obtained from solution (19) 
which can be changed into
Further setting ω = ∓ 1 4 √ −δ ln2 + ϖ, ϖ is an arbitrary constant, then (23) can be reduced to
In Fig. 1 , a plot of the real part of solution (24) with δ = −1 and ϖ = 0 is shown in the interval ξ ∈ [−π, π]. which is the first triangular function solution given by Lü and Zhang in [42] .
which is the second triangular function solution given by Lü and Zhang in [42] . 
which can be converted into
In Fig. 2 , a plot of the real part of solution (28) with δ = 1 and ω = 0 is shown in the interval ξ ∈ [−π, π].
From (17) and (18), we obtain the following generalized solitonary solution of (1):
Equation (29) can be simplified in the form
which shows that solution (29) is equal to solution (19) because of the arbitrariness of a 0 , b 0 and b −1 .
Here we would like to point out that when δ = 0, (1) also has the rational solution
which converts into the one given by Lü and Zhang in [42] , if setting ω = 0. There are no other solutions of (1) given in [42] except the ones mentioned above. To compare solution (19) with the known ones, four plots of solutions (20) , (21), (25) , and (26) are shown in Figs. 3 -6 ; in the interval ξ ∈ [−π, π]. Figures 1 -6 show that some new solutions with different waveforms can be obtained from solution (19) , i. e. solution (19) includes not only all known solutions given in [42] as special cases, but also some new ones. More important, if we use the method proposed in [42] and solution (19), we can obtain new and more general exact solutions including all solutions obtained by the method [42] as special cases. In the next section, we will use the Riccati equation (1) and its general solitonary solution (19) , combined with method [42] , to construct new and more general solutions of (2) and (3).
Exact Solutions of the (2+1)-Dimensional DLW Equations
Balancing the highest-order partial derivative with the nonlinear term [42] , we suppose that (2) and (3) have the following formal solutions: where φ (ξ ) satisfies the Riccati equation (1),
, b 2 (y,t) and η(y,t) are functions of y and t to be determined later, k is a nonzero constant. Substituting (32) and (33) along with (1) into (2) and (3), the left-hand sides of (2) and (3) are converted into two polynomials of φ i (ξ ) (i = 0, ±1, ±2, ±3, ±4). Then setting each coefficient to zero, we get a set of over-determined partial differential equations for a 0 (y,t), a −1 (y,t), a 1 (y,t), b 0 (y,t), b −1 (y,t), b −2 (y,t), b 1 (y,t), b 2 (y,t) and η(y,t). Solving the set of overdetermined partial differential equations by the use of Mathematica, we get the following four cases:
where f (y), g(y) and h(t) are arbitrary functions of the indicated valuables, respectively,
Case 3.
where f (y), g(y) and h(t) are arbitrary functions of the indicated valuables, respectively, where g(y) and h(t) are arbitrary functions of the indicated valuables, respectively, g
From (19) , (32) - (36) we obtain the following formal exact solutions of (2) and (3):
where φ (ξ ) is determined by (19) with ξ = kx + t f (y) + g(y) + h(t). The free parameters b 1 , a 0 , b 0 and the arbitrary functions f (y), g(y) and h(t) in solutions (34) and (35) let us to discuss the behaviours of the solutions and also provided us with enough freedom to construct solutions that may be related to real physical problems. If we choose From Cases 2 -4 and (19), we can also obtain other exact solutions of (2) and (3); we do not consider them here for simplicity. Solutions (34) and (35) and the omitted ones can not be obtained by the tanh-function method [36, 37] and its extensions [38 -46] . To the best of our knowledge, these solutions have not been reported in the literature.
Remark: With the aid of Mathematica, we have checked the obtained solutions by putting them back into the original equations (2) and (3).
Conclusion
The Exp-function method has been successfully used to seek generalized solitonary solutions of the Riccati equation. Based on the Riccati equation and its generalized solitonary solutions, new exact solutions with three arbitrary functions of the (2+1)-dimensional DLW equations are obtained. The arbitrary functions imply that these solutions have rich spatial structures. It may be important to explain some physical phenomena. Compared with the tanh-function method [36, 37] and its extensions [38 -46] , the method proposed in this paper gives not only more general solutions but also new formal solutions. Taking full advantage of the free parameters b 1 and b −1 , solution (19) can be used to improve the methods, in which (1) is used as subequation, for finding new and interesting solutions hidden in NLEEs. It shows that the Exp-function method provides a straightforward and important mathematical tool for NLEEs in mathematical physics. Applications of the Exp-function method to other sub-equations are worth to be further studied.
